where m = n − 4k, h (m) ∈ H m (X, Z), X a finite CW-complex and f : M n → X characterize the singular bordism class of [(M, f )] ∈ Ω SO n (X) modulo torsion. If M n is open (hence K infinite) then ω i 1 ...i n and p i 1 ...i k are in generally not defined. More generally, we have the following simple Proposition 1.1. There does not exist any nontrivial number valued (vector valued) invariant which is defined for all connected oriented manifolds and which is additive w.r.t. connected sums.
There are several ways out from this situation.
1)
One should admit more general ranges of definition, e.g. K-groups (Mishchenko, Roe et al.) and give up the condition of additivity. 2) One could impose certain restrictions, i.e. define invariants not for "all" manifolds. 3) One could work with other definitions of characteristic numbers, e.g. more analytical ones.
4) One could introduce relative characteristic numbers.
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The fundamental criterion for establishing such numbers should be their geometrical meaning and the applicability.
We define in section 2 analytical characteristic numbers, study their invariance properties and applications. Section 3 is devoted to combinatorial characteristic numbers. In section 4, we define relative characteristic numbers and apply them to bordism theory and we study bordism theory of manifolds with nonexpanding ends and relate it with the growth of the signature. Finally, section 5 is devoted to suitable versions of the Novikov conjecture.
Absolute characteristic numbers for open manifolds. Let (M
4k , g) be closed, oriented, g an arbitrary Riemannian metric, p i (M, g) the associated by Chern-Weil construction Pontrjagin classes, e(M, g) the Euler class, L k the Hirzebruch polynomial. Then there are the well known equations
. . , p k (M, g)) = σ(M, g) (2.1) and for (M n , g) oriented
These equations express in particular that the r.h.s. are in fact independent of g and are homotopy invariants. We proved that the space of Riemannian metrics on a manifold splits w.r.t. a canonical uniform structure into "many" components and that on a compact manifold there is only one component (cf. e.g. [7] ). The independence of g can be reformulated as the r.h.s. depend only on comp(g), since the space of Riemannian metrics on a closed manifold consists only of one component. We will extend the definitions of the l.h.s. and the r.h.s. to certain classes of open manifolds. In some cases there even holds equality. The main questions connected with such an extension are 1) the invariance properties, 2) applications, the geometrical meaning.
It is clear that the definition of characteristic numbers via Chern-Weil construction can be extended to an open manifold if the Chern-Weil integrand is ∈ L 1 , as a very special case if this integrand is bounded and (M n , g) has finite volume.
Let (M n , g) be an open complete manifold, G a compact Lie group with Lie algebra G, ̺ : G → U N or ̺ : G → SO N a faithful representation, P = P (M, G) a principal fibre bundle and E = P × G E N the associated vector bundle which is endowed with a Hermitean or Riemannian metric. According to the faithfulness of ̺, the connections on P and E are in a one-to-one correspondence, ω ↔ ∇ ω = ∇. Denote by C(P, B 0 , f, p) = C(E, B 0 , f, p) the set of all connections ω ↔ ∇ ω = ∇ with bounded curvature, i.e. satisfying (B 0 ): |R| ≤ C, where R denotes the curvature and | | the pointwise norm, and having finite p-action
We fix P and E and write therefore simply C(B 0 , f, p). Let δ > 0 and set
Lemma 2.1. B = {V δ } δ>0 is a basis for a metrizable uniform structure b,1 U p,1 (C(B 0 , f, p)).
Proof. We start with (U 
Proof. By the definition of b,1 C p,1 its elements are C 1 (since they arise by uniform convergence of 0-th and 1rst derivatives) hence
Each term of the r.h.s. of (2.4) is bounded, hence
Now let ω ↔ ∇ ω = ∇ be given. After choice of a bundle chart with local base s 1 , . . . , s N : U → E| U the curvature Ω will be described as Ωs i = j Ω ij ⊗ s j , where (Ω ij ) is a matrix of 2-forms on U , Ω ij (s k , s l ) = Ω ij,kl = R ij,kl . An invariant polynomial P : Mat N → C defines in the well known manner a closed graded differential form P = P (Ω) = P 0 + P 1 + · · · , where P ν is a homogeneous polynomial, P r (Ω) = 0 for 2r > n. The determinant is an example for P . If ω is not smooth then P (Ω) is closed in the distributional sense. Let σ r (Ω) be the 2r-homogeneous part (in the sense of forms) of det(1 + Ω ij ).
Lemma 2.4. Each invariant polynomial is a polynomial in σ 1 , . . . , σ N .
Proof. For the pointwise norm | | x we have |Ω|
where Ω ij,kl = Ω ij(e k ,e l ) and e 1 , . . . , e n is an orthogonal base of T x M . According to our assumption we
The proof is done if we could estimate |σ r (Ω)| x from above by |Ω| x . By definition
where summation runs over all 1 ≤ i 1 < · · · < i r ≤ N and all permutations (i 1 . . . i r ) → (j 1 . . . j r ). ε denotes the sign of this permutation. We perform induction. For r = 1 σ 1 (Ω) = Ω ii . The inequality
x . For arbitrary forms ϕ, ψ we have |ϕ ∧ ψ| x ≤ |ϕ| x · |ψ| x .
(2.8)
For forms with values in a vector bundle we have to multiply the r.h.s. of (2.8) with a constant. (2.6), (2.7), (2.8) and the induction assumption thus give
together with |Ω|
Corollary 2.6. Let P be an invariant polynomial, ω ∈ b,1
Proof. This follows from 2.4, 2.5 and (2.8).
Denote by H * ,p or b H * the L p or bounded cohomology, respectively.
Corollary 2.7. Under the assumptions of 2.6, P and ω define well defined classes 
, and we define
gives the same conclusions.
Lemma 2.9. Let f, g : M → N be smooth mappings, F : I ×M → N a smooth homotopy,
Proof. We consider the case Ω q,p,d . According to our assumption we have Kϕ := KF
The case of bounded forms will be treated by the same equation. Now we are able to prove one of our main theorems.
Consider
For all t ∈] − δ, δ + 1[ we have |Ω t | p dvol < ∞ and |Ω t | x is bounded at M . This follows from (2.10) and the assumption ω 0 , ω 1 
can be identified with (E, ω 0 ) resp. (E, ω 1 ). i t , 0 ≤ t ≤ 1, is a smooth bounded homotopy between i 0 and i 1 . According to 2.9,
we define the r-th Chern class c r (P U, p) by
are contained in the Chern class c r (E) and therefore they are cohomologous, but they do not need to be cohomologous in H 2r,p . Take for example an ω ∈ Ω p,1 (B 0 , f, p) and apply a gauge transformation g with ω − g
An explicit example is given by M = R 2 , P = M × U N , ω the canonical flat connection, the gauge transformation g at the point (x, y) given by e i(x 2 +y
2 ) · id, where id denotes the
is neither bounded nor p-integrable. For this reason our approach above seems to be suitable for the general situation on noncompact Riemannian manifolds.
or P c the complexification of E or P , respectively. Any connection ω on E resp. P extends in a canonical manner to a connection on E c resp.P c and we have an inclusion of the components U of
Then we define the k-th Pontrjagin class p k (P, U, p) by
Let P be the Pfaff polynomial for skew symmetric 2N -matrices, ̺ : 
Proof. a) is clear. We have to prove b). At each x ∈ M , c i 1 ...i k is a sum of monomials a.
Corollary 2.13. Under the assumption of 2.12, for any invariant polynomial Q, the integral M Q i 1 ...i k converges.
Proof. This follows from 2.4 and the proof of 2.12.
Lemma 2.12 b) is also valid in the case ̺ :
The above characteristic numbers until now are defined only for a chosen connection ω. One would like that the characteristic numbers are constant on least on the components of
. This is in fact the case for p = 1.
Theorem 2.14. The characteristic numbers are constant on the components of the space
Proof. 
. A fundamental result of Gaffney then says M dϕ = 0 for (M, g) complete and dϕ itself absolutely integrable ( [12] ). A very special but interesting case in our considerations is the case vol(M ) < ∞. Consider Proof. According to 2.10 each component U of
Thus one gets characteristic numbers
Taking two cocycles of this class, there exists a bounded C 1 -form ϕ such that there difference equals to dϕ. ϕ, dϕ are bounded, vol(M ) < ∞, thus ϕ, dϕ are absolutely integrable and the theorem of Gaffney gives the desired result.
. Thus the conclusion of 2.16 also holds for the components of
We call the quasi isometry class of g the uniform structure U S(g) generated by g. For all metrics of U S(g) the cohomology spaces H * ,p (M n , g ′ ) coincide. The same holds for
This leads immediately to Theorem 2.18. The cohomology classes Q i 1 ...i k (ω) resp. the characteristic numbers Q i 1 ...i k (ω)(M ) in 2.10 respectively 2.3, 2.5 are the same for all metrics g ′ ∈ U S(g).
The situation completely changes if ω itself depends on g. Then it is not true in general that for g ′ ∈ U S(g), c(ω(g)) ∼ c(ω(g ′ )). The case ω = ω(g) is essentially the case P = bundle of orthogonal frames of (M n , g), ∇ = Levi-Civita connection ∇ g . Therefore we briefly describe the metrics which come into question and describe their admitted variation (for fixed M ).
Let
and set
Here C(n, δ) = 1 + δ + δ 2n(n − 1).
Lemma 2.19. B = {V δ } δ>0 is a basis for a metrizable uniform structure.
Denote by
) is the sense of theorem 2.2, d).
Hence we obtain well defined characteristic classes C(∇ g ) = C(g) and characteristic numbers C . . . 
and the signature case
where L(g) is the Hirzebruch genus.
The following natural questions arise.
1) How does
What is the topological meaning of χ(M n , g)?
e. the Gauß-Bonnet formula holds?
The same questions should be put for σ(M n , g), σ(M n ). To the first question we have a partial answer.
In the case g ′ / ∈ b,2 comp 1,2 (g) we can't say anything. The examples in [3] for
Concerning the second question, we start with a simple case in dimension two which has been discussed by Cohn-Vossen [5] and Huber [16] and has been endowed with particular short proofs by Rosenberg [22] , which we present below for completeness.
Theorem 2.23. Let (M n , g) be a finitely connected complete noncompact Riemannian surface with curvature K.
Proof. M 2 is diffeomorphic to a compact surface with p points deleted. A neighborhood of each point is diffeomorphic to S 1 × R + and the metric can be put in the form
, where ω 12 is the connection 1-form associated to an orthonormal frame on M . χ(M ) = χ(M k ), hence one has to show lim k→∞ ∂M k ω 12 ≥ 0 for a) and lim k→∞ ∂M k ω 12 = 0 for b). W.r.t. the orthonormal frame θ 1 = √ g 11 dθ and θ 2 = dt the first structure equation
for k sufficiently large. But this is impossible for a positive integrand.
In the case of arbitrary n, there are many approaches to study the equation χ(M, g) = χ(M ). To have χ(M ) defined, one must require that each homology group over R is finitely generated. Sufficient for this is that M has finite topological type, i.e. it has only finitely many ends ε 1 , . . . , ε s , each of them collared,
given a boundary ∂M to get a compact manifold M . The case of n odd is absolutely trivial.
) is of finite topological type, g arbitrary. Then
Proof. For n = 2k + 1, the Euler form E(g) vanishes since the Pfaffian of an odd dimensional skew symmetric matrix is zero, E(g) = χ(M, g) = 0. On the other hand,
The more interesting case are even dimensional manifolds. We recall some definitions. For a local orthonormal frame θ 1 , . . . , θ n the connection 1-forms ω ij satisfy the equa-
They are related with the curvature 2-forms Ω ij by
Denote by S(M ) the tangent sphere bundle which is a (2n − 1)-dimensional manifold. For a point (x, ξ) ∈ S(M ) let θ 1 , . . . , θ n be a frame such that θ 1 is dual to ξ. We put
where we will not specify the c k and α means the sum over all permutations α of {2, . . . , n}. II(g) can be understand as pull back on an (n − 1)-form on M to S(M ) by means of pr :
then Ω ij (X) = Ω ij (X 1 ) and similarly for ω i1 (X). If M is compact with boundary ∂M and ̺ is the section of S(M ) over ∂M given by the outward normal vector, then ̺ * Ω ij (X) = Ω ij (X 1 ), the same for ω i1 . Then, according to Chern,
) is even-dimensional and of finite topological type. By gradient flow of an appropriate Morse function we can introduce coordinates (x 1 , . . . , x n−1 , x n = r) at each end such that 0 ≤ r < ∞,
(2.13)
At each end ε T M | ε splits as T M = W ⊕ R. Suppose additionally that W splits as 14) and that with respect to this splitting g has the form
Then S. Rosenberg calculated in [23] the expression (2.11) at each end can could show if 
). In particular, any evendimensional manifold of finite topological type admits complete warped product metrics satisfying Gauß-Bonnet (setting N 2 = ∂M ).
Corollary 2.26. Assume the hypothesis of 2.25 and additionally
Remark 2.27. We see in 2.26 a considerable improvement of 2.25 since now the admitted class of metrics is much larger.
If one gives up the integrability of the W s in (2.14), i.e. the product structure of the εs then one must strengthen the conditions to the f j . This has been done by Rosenberg too. 
Example. Let M \G/K be an arithmetic quotient of an even-dimensional split rank-one symmetric space. Then at each component ∂M i of ∂M , ∂M is the total space of a fibration over a torus T 1 with a torus T 2 as fiber. We have
where the fibration restricted to V is trivial. W i is the tangent space to the torus T i . But in general the G-invariant metric g does not respect this splitting. Donnelly has shown in [6] that each end ε has the structure N × R, N at most two-step nilpotent.
The Lie algebra n of N splits as a sum n = V 2 ⊕ V 3 of root spaces, V 3 = Z(n), and the invariant metric at the identity of N has the form
where g 2 is a metric on V 2 , g 3 a metric on V 3 . [n, n] ⊂ Z(n) and the G-invariant distribution V 2 is not integrable. Hence theorem 2.25 is not applicable in general. In the hyperbolic case G/K = SO(n, 1)/SO(n), one has V 2 = n, which yields Gauß-Bonnet.
Corollary 2.29. Assume that the hypotheses of theorem 2.28 hold and additionally
There is another Gauß-Bonnet case which does not fall under 2.2-2.29.
) be open, complete, of finite topological type and the metric at ∞ constant with respect to r, i.e. there exists an r 0 ≥ 0 such that g(r 1 , x) = g(r 2 , x) for all x ∈ ∂M and r 1 , r 2 > r 0 . Then
Forming lim k→∞ in (2.17) gives the desired result.
A special case of 2.28 would be a metric cylinder at infinity, g| U(∞) = g ∂M ⊗ +dr 2 . This is simultaneously a warped product with warping function f (r) = 1. f (r) = 1 does not satisfy f (r) −→ r→∞ 0, 2.25 is not applicable. Clearly, such an (M 2m , g) satisfies
Another class of examples which yields very useful insights are surfaces of revolution. We state from [23] without proof
be the associated surface of revolution. Then
Hence, if f is for all r > 0 strongly convex or concave, (2.18) holds. In both cases M has for r > 0 positive curvature and infinite volume. On the other hand, we have 2.15 in the case of 2.23 (b) in the finite volume case, i.e. one can have χ(M ) = χ(M, g) as in the finite volume case. For this reason we should find additional conditions which assure in the finite volume case or the infinite volume case, respectively, that
We start with vol(M n , g) < ∞ and |K| ≤ 1 where the latter (after rescaling) is equivalent to (B 0 ). Then
is well defined and for
Lemma 2.32. Let (M n , g) be complete, vol(M, g) < ∞ and |K| ≤ 1. Then M n admits an exhaustion by compact manifolds with smooth boundary, M Proof. This is just a corollary of theorem 2.33 below.
If we take such an exhaustion as just described then
) ∈ Z, but we are far from a certain convergence of (χ(M n k , g)) k and don't know anything about the topological properties of such a limit if it exists. To obtain more insight and definite results we follow [3] and consider the following additional hypothesis.
For some neighborhood U (∞) ⊂ M , some profinite or normal covering spaceŨ (∞) has the injectivity radius at least (say) 1 for the pull back metric,
Together with |K| ≤ 1 onŨ (∞) we write geo ∼
In any case we assume in this hypothesis thatŨ orM are profinite or normal coverings. HereM → M is profinite if there exists a decreasing sequence {Γ j } j of subgroups of finite index,
The key for everything is the following very general theorem which assures the existence of sufficiently "smooth" exhaustions and which yields 2.32 in the case of vol(M, g) < ∞. Then there is a submanifold U n with smooth boundary ∂U n such that for some constant c(n) depending only on n
We refer to [4] for the proof. Now we will discuss χ(M, g) in the profinite or normal case, geo(M ) ≤ 1. Here we follow [3] . Put for j : A 1 ⊂ A 2 and real coefficients
and A ⊂ Y a finite closed and f : Y → Z, g : Z → Y simplicial, determining a homotopy equivalence,
and
Put for p :Ỹ n → Y n profinite with ind(Γ j ) = d j and corresponding covering spaces
and define infχ(Y n ) similarly. A → ∞ is defined by partial ordering of finite subcomplexes induced by inclusion. Using (2.24) and a diagonal argument, there are subsequences S =Ỹ n j(e) s.t.
, then the latter number is also a homotopy invariant. 
For j sufficiently large, theorem 2.33 is applicable and we apply it to p −1
We see this immediately from (2.12) and (2.22), (2.23):
)| becomes arbitrarily small for k sufficiently large.
but this becomes arbitrarily small for j and k sufficiently large. Finally
according to (2.22) . (2.28) is proven. We obtain from (2.24)
and from the exact cohomology sequence of the pair (B jk , B jk \ A jk ) together with the excision property
The manifold B jk \ A jk satisfies (B 0 ), (I) for j > N (k) and for k sufficiently large,
According to a theorem of Gromov,
We infer from (2.29)-(2.32) that we can replace in (2.28) χ(B jk ) by χ(p
becomes arbitrarily small, any proper homotopy equivalence preserves a subsequence of
) is a proper homotopy invariant. By the same argument we conclude in the profinite case assertion b). If M has finite topological type then for k sufficiently large
yields assertion c).
The case of a normal coveringM → M will be discussed in theorem 2.38. The second characteristic number of particular importance is given by
) is the Hirzebruch genus. For closed M it is the topological index of the signature operator, i.e. it coincides with the topological signature. For simple open manifolds this equality does not longer hold in general, as we see in section 5. Nevertheless, we could ask for σ(M, g) the same questions as for χ(M, g), the question for the invariance properties and the topological significance of σ(M, g). Concerning the invariance, a first answer is given by proposition 2.22.
But we consider also other derivations of g. A key role plays again the formula for the compact case with boundary, ∂M = N , 
We refer to [3] , [7] for the proof. 
and similarly infσ(M k ), infσ(M ). Here as always σ(M k ) is defined as the signature of the cup product pairing on j 
c) If, additionally, M has finite topological type,
Proof. In the normal caseM → M below a) follows from theorem 2.38. The proof of b) is quite analogous to that of theorem 2.34 b), using a chopping of M according to theorem 2.33, (2.32) and theorem 2.35. c) then follows from b) and the fact that for sufficiently large k,
We now turn to the normal caseM → M , being even more explicit than in the profinite case. The first key here is the extension of Atiyah's L 2 -index theorem for normal coveringsM
q (x, y) which is a symmetric C ∞ double form whose pointwise norm satisfies |h q (x, y)| ≤ c(n). (2.34) (2.34) comes from geo(M ) ≤ 1 and the elliptic estimate for the Laplacian.h q (x, y) is invariant under the isomtries Γ, hence the pointwise trace trh q (x, x) can be understood as function on M and we put as usual
Now we define the L 2 -Euler characteristic and L 2 -signature bỹ
Now we state the L 2 -index theorem for open manifolds with finite volume and bounded curvature.
Theorem 2.37.
We refer to [2] , [7] for the proof.
We recall the existence of good chopping sequences 
and for A ⊂ Bβ
It follows from the properties of dim Γ that
We remark that (2.41) and (2.42) are the reformulation of (2.24), (2.29) in the language of dim Γ . We established in theorem 2.37 the equations χ(M, g) =χ (2) (M ), σ(M, g) =σ 2 (M ). Now we discuss the invariance properties of the right hand sides. This is the content of Theorem 2.38. Let (M n , g) be complete, |K| ≤ 1, vol(M, g) < ∞ and assume for some normal covering geo(M ) ≤ 1.
This implies the homotopy invariance of theb q,2 (M ). b) χ(M, g) resp. σ(M, g) is a homotopy invariant resp. proper homotopy invariant of M . c) If M has the topological type of some
Proof. b) follows immediately from theorem 2.37 and a). For c) suppose that M has finite topological type. Then there exists an exhaustion
and we obtain (2.44) from (2.43) and moreover χ(M, g) = χ(M k ). Hence there remains to show a). For this we must refer to [2] .
We apply these results on characteristic numbers to 4-manifolds.
Let (M 4 , g) be open, complete and oriented, * :
The special orthogonal group acts on the space of algebraic curvature tensors C 2 b (cf. [21] ). Let C 2 b = U + S + W be the corresponding (fiberwise) decomposition into irreducible subspaces. Then this induces for the curvature tensor R = R g a decomposition R = U + S + W . For R = R g = R + + R − , we denote as in I 1 by Ric = Ric g the Ricci tensor, by τ = τ g the scalar curvature, by K = K g the sectional curvature and by W = W g = W + + W − the Weyl tensor. There are decompositions for the pointwise norms | | x as follows:
We obtain other decompositions if we consider the curvature operator R as acting from
R(e i ∧ e j ) = 1 2 R ijkl e k ∧ e l = Ω ij , Ω = (Ω ij ) = matrix of curvature forms, Ω ij (e k , e l ) = R ijkl . We can write R with respect to the orthogonal basis e 1 ∧ e 2 + e 3 ∧ e 4 , e 1 ∧ e 4 + e 2 ∧ e 3 , e 1 ∧ e 3 + e 2 ∧ e 4 in Λ 2 + , e 1 ∧ e 3 + e 2 ∧ e 4 , e 1 ∧ e 2 − e 3 ∧ e 4 , e 1 ∧ e 4 − e 2 ∧ e 3 in Λ . We obtain for the first Pontrjagin form p 1
) is well defined. The Euler form E(g) has the representation 
(2.50)
Proof. We have
Sufficient for (2.50) would be |S| 2 ≤ |U | 2 and sufficient for this is (2.49) as pointed out by [21] . Define the penumbra for K ⊂ M by
We call an exhaustion
It is clear that then automatically
Examples 2.46. 1) (M n , g) = (R n , g standard ) admits a regular exhaustion. 2) Any (M n , g) with subexponential growth admits a regular exhaustion. 
Therefore we would be done if we could show
Integration by parts yields
which implies the assertion.
H n (M ) a (bounded) characteristic class and a regular exhaustion {M i } i with associated fundamental class m the characteristic number
Then, according to proposition 2.47, Q i 1 ...i k (P, comp(ω))[m] is well defined. In particular we obtain in this case average Euler numbers, average signatures, which are special cases of Roe's (average) topological index. Average characteristic numbers are also considered in [17] , [18] , [15] . Some simple geometric examples are calculated in [17] . In all cases discussed until now, we restricted to the case of connections (or metrics) with finite p-action or bounded curvature or both. The next proposition shows that this is in fact a restriction.
) be open, complete, satisfying (I), G a compact Lie group, P = P (M, G) a G-principal fibre bundle, ̺ : G → U (N ) resp. O(N ) a faithful representation, E the associated vector bundle, p ≤ 1. Then there exist G-connections ω such that their p-action is infinite or the curvature is unbounded or both, respectively.
Proof. Consider the closed unit ball B 1 (0) ⊂ R n and set up in B 1 (0) constant 1-forms ω ij , ω ij = −ω ji or ω ij = −ω ji , 1 ≤ i, j ≤ N , respectively, such that some Ω ij = dω ij − k ω ik ∧ ω kj are = 0. Now consider an infinite sequence U ν = U ε ν (x ν ) of closed geodesic balls with pairwise distance ≥ d > 0, introduce in each geodesic ball normal coordinates u 1 , . . . , u n , i (u i ) 2 ≤ ε ν , choose over U ν orthonormal bases e 1,ν , . . . , e N,ν and define with respect to these bases local connection matrices ω
This connection over ν U ν is smoothly extendable over the whole of M and gives a connection with b) Let be m = (n + 1)(2n + 1)k 3 . If P is a U (k)-principal fibre bundle over a manifold of dimension ≤ n and ω a connection form for P , then there exists a smooth bundle morphism f P : P → V m,k = P n,U (k) such that f * P γ = ω. We refer to [20] , p. 564, 568 for the proof. For an arbitrary compact Lie group G one constructs by means of a faithful representation G → O(k) an n-universal connection γ G on the n-universal bundle P n,G → B n,G (cf. [20] , p. 570).
According to proposition 2.49, we refine the bundle concept and consider instead of a bundle P pairs (P, f P ), f P : P → P n,G a C 1 -classifying bundle map.
In the same manner we define
Most interesting for applications is the case assuming (B 0 ) and finite p-action. Hence we assume (B 0 ) for (M n , g). f, p) . Assume G to be a subgroup of U (N ), dim M n = 2k. At the level of base spaces we consider classifying maps
, is quite parallel. Then we consider the p i 1 ...i k ,
If we replace p i 1 ...i k by the class of Hirzebruch genus L k then we get the notion of a (p,
) is complete then even the corresponding characteristic numbers coincide. If additionally p = 1 and (M, g) is complete then the corresponding characteristic numbers coincide.
The proof follows immediately from the definitions and theorem 2.14.
Example 2.51. It is possible that
) be an infinitely connected open complete Riemannian manifold with bounded sectional curvature K,
Then K − dvol = ∞ (cf. [16] , theorem 13). In particular |K| dvol = ∞ which implies |Ω ω (g)| dvol = ∞. The proof essentially relies on the Gauß-Bonnet theorem (as one would expect) for compact surfaces. But this theorem holds for any metrizable connection in the orthogonal 2-frame bundle
, p. 305/306). The sectional curvature K is defined by Ω 1,2 = K dvol. As conclusion we obtain Consider the Whitney transformation W ,
ϕ i the barycentric coordinates.
. We refer to [13] for the proof.
The proof of 3.1 in [13] is performed even under weaker assumptions, K uniformly locally finite and |dT |, |dT −1 | ≤ C. The point is the multiplicativity which is settled by
We refer to [8] , [10] for the meaning of the r.h.s. of (3.1) and the proof of 3.2.
In the case of n = 4k, p = r = 2, iteration of (3.1) yields
where p i 1 ...i k ,c or p i 1 ...i k ,a are the combinatorial or analytical Pontrjagin numbers, respectively.
Bordism and relative characteristic numbers.
We consider oriented open manifolds (M n , g) satisfying
it satisfies the following conditions. 
Then + is well defined and the set of all [M n , g] becomes an abelian semigroup.
Denote by Ω nc n the corresponding Grothendieck group. Similarly one defines Ω nc n (X) generated by pairs ((M n , g), f : M n → X), f bounded and uniformly proper.
where d GH is the Gromov-Hausdorff distance (cf. [9] ). But this is wrong.
2) There is no chance to calculate Ω The way out from this is to establish bordism theory for special classes of open manifolds or/and further restrictions on bordism.
Our first example is bordism with compact support. Here condition 1) above remains but one replaces 2)-4) by the condition There exists a compact submanifold
We write ∼ b,cs
. Then one gets a bordism group Ω nc n (cs) (= Grothendieck group). At a first glance, the calculation of Ω nc n (cs) or at least the characterization of the bordism classes seems to be very difficult. But we will see that this is not the case. For this, we introduce still some uniform, structures. Denote by
n (mf ) with the following property:
There exist compact submanifolds K
and an isometry
For such pairs, we define
, and
If (M 1 , g 1 ) and (M 2 , g 2 ) do not satisfy (4.1), then we define
Remarks 4.3. 1) The notions of Riemannian isometry and distance isometry coincide for Riemannian manifolds. Furthermore, if f is an isometry f , then we have
The same holds true for g. 
also satifies (I) or (I) and (B k ).
We cannot show that b M n L,iso,rel is locally arcwise connected, that components are arc components and
The reason is that we cannot connect non-homotopy-equivalent manifolds by a continuous family of manifolds. A parametrization of nontrivial surgery always contains bifurcation levels where we leave the category of manifolds. A very simple case comes from corollary 4.6. Proof. This subspace is locally arcwise connected and components are arc components. Consider an (arc) component and two elements (M 1 , g 1 ) and (M 2 , g 2 ) of it, connect them by an arc, cover this arc by sufficiently small balls, and apply 4.6.
By definition, we have
where d L is the Lipschitz distance of [9] . Hence, (
For this reason, we denote the left hand side {. . . } of (4.2) by gen g 1 ) , keeping in mind that this is not an arc component, but a subset of (manifolds in) a Lipschitz arc component.
If we fix (M 1 , g 1 ), then in a special case, we have a good overview of the elements in gen
n is a closed manifold and g is flat in an annulus contained in a disk neighborhood of a point }.
This can be generalized as follows. 
, but the set of types of such pairs (after fixing M and K 1 ⊂ K 2 ⊂ . . . ) is at most countable.
Thus, after fixing (M, g), the diffeomorphism classification of the elements in b comp L,iso,rel (M, g) seems to be reduced to a "handy" countable discrete problem. This is in fact the case in a sense which is parallel to the classification of compact manifolds.
and Hence we have only to show the well definedness, i.e. the independence of the choice of
orientation preserving isometric, then
assumption. The analogous conclusion can be done for K
′ and reduces to the first two considerations after smoothing out K
arbitrary small perturbations. The proof for (4.3) is quite similar replacing integrations in (4.9) by application of cocycles to cycles. The independence of (4.5) comes again from Novikov additivity, applying it several times.
and only if all characteristic numbers of (M 1 , M ) coincide with the corresponding characteristic numbers of (M 2 , M ).
large enough such that with
Then after smoothing out by arbitrary small perturbations, ∂C is diffeomorphic ot 
There is a simple approach to calculate the local algebraic structure of Ω nc n (cs). Consider as above Ω 
It is very easy to see that Ψ M is well defined: 
Here Φ M and Ψ M are 1-1 maps. Moreover we have maps
Remark 4.17. It is important that we consider (4.10), (4.11) at bordism class level. In (4.11) e.g. ( As we pointed out, a contentful theory should be developed under three aspects.
1) A convenient characterization of bordism classes is desirable.
2) It should be possible to exhibit sets of independent generators, at least for the intersections with gen-components.
3) A geometric realization of zero and the inverse are desirable.
The general bordism group Ω nc n did not satisfy any of these three wishes. Ω nc n (cs) satisfies the first two wishes. We develop below a bordism theory which satisfies the second and the third wish. This will be the bordism theory for manifolds with a finite number of ends, each of them nonexpanding.
Let ε be an isolated end of (M n , g). A ray in ε is a geodesic γ defined on [0, ∞[ which is a shortest geodesic between any two of its points and such that some neighborhood of ε contains up to a finite segment the whole of |γ|. Then the latter holds for any neighborhood of ε.
Lemma 4.20. Let ε be an isolated end of (M n , g).
a) Then there exists a ray in ε. b) If (M n , g) additionally satisfies (I) then there exists a ray in ε with a uniformly thick neighborhood.
Proof. A proof of a) is e.g. contained in [11] , p. 43. b) follows immediately from a) and (I).
We call an end ε of (M n , g) nonexpanding if there exist a ray γ in ε and an R = R M > 0 and an element G ∈ ε such that G ⊆ U R (|γ|), roughly written ε ⊆ U R (|γ|).
In the sequel we restrict to open manifolds satisfying (I), B( ∞ ), with finitely many ends, each of them nonexpanding. 
and has finitely many nonexpanding ends.
4)
The same is true if we allow g M of 3) to vary in comp p,r (g M ) ∩ C ∞ .
5)
If we consider M of smooth type of 3) and
f bounded for all ν, t ≥ a then M has finitely many nonexpanding ends.
We define now a slightly sharpened bordism relation. Let (M n , g), (M ′ n , g ′ ) be as above, each with finitely many nonexpanding ends ε 1 , . . . , ε s or ε 
We require additionally the additive compatibility of the inner γ-distance and the (B \C)-distance for points x γ , y γ on the γ's. There exist C n+1 ⊂ B n+1 and c ′ > 0 s.t. for x γ , y γ ∈ |γ| \ C,
Here γ stands for
they are bg-bordant by means of (B, g B ) satisfying (GH).
Remarks 4.22. 1) The right hand inequality of (GH) trivially holds. We added it only for symmetry reasons.
2) It was essentially Thomas Schick who pointed out to the author the meaning of the condition (GH) or (GH 1 ) and who proposed to include them into the definition of bordism.
We consider instead of (GH) the condition: There exist C n+1 ⊂ B n+1 and c ′ > 0 s.t. for all x, y ∈ U (ε),
Here ε stands for ε 1 , . . . , ε s , ε Proof. Assume (GH 1 ). Then (GH) holds since for
is the Gromov-Hausdorff distance between proper metric spaces. This follows from the following facts. d GH (B \ C, U (ε)) < ∞ if we endow U (ε) with the induced length metric and use B \ C ⊂ U R (U (ε)). Then we use d GH (U (ε)), its own length metric, U (ε), induced length metric < ∞, which follows from (GH 1 ). As a matter of fact, we introduced (GH) to assure d GH (B \ C, U (ε)) < ∞. 
We write in the sequel
The required c in (4.12) exists for all pairs x, y ∈ M 1 \ C s.t. d 1 (x, y) can be realized by a curve in B 12 \ C. Let x, y ∈ M 1 \ C be pair which does not have this property and let z(t) be a curve in B 13 \ C which realizes d 13 (x, y), z(0) = x = α 1 , z(1) = y ≡ y 1 . Then there exists a first point x 2 ∈ M 2 \ C on {z t } t and a last point y 2 ∈ M 2 \ C on z.
Let moreover x ′ 2 ∈ M 2 \ C and y ′ 2 ∈ M 2 \ C be points which realize the distances
Claim. There exists a c ′ > 0 s.t.
Proof. We infer from (4.13) and (Cl) There remains to establish (Cl), i.e.
Unfortunately (Cl) is wrong and hence the whole approach to prove transitivity. Uwe Abresch has constructed an explicit ingenious counterexample. Nevertheless, we performed the proof of transitivity until (Cl) to indicate the crucial point. It is in fact possible that an appropriate winding around the middle M 2 , M 2 again and again penetrating curve has a much shorter B 13 -length than the M 2 -distance of the initial and the other intersection points in M 2 . From this it is clear that one should forbid such a B 13 -distance diminishing curve. But this can be achieved by forbidding a distance realizing curve to move out from the collar. That is if x, y ∈ U (ε) ⊂ M 1 or M 3 (or x, y ∈ the corresponding geodesic ray, which is equivalent) then a B 13 -distance realizing curve should remain in the collar of M 1 or M 3 , respectively. For this we perform a conformal change in the metric g 12 ∪ g 23 of B 13 .
We consider in U δ (∂B 13 ) Gaussian normal coordinates which give for boundary points ∈ ∂B 13 coordinates only for a half ball. Nevertheless we have still about x 0 ∈ U δ (∂B 13 )
and about x 0 ∈ B 13 \ U 3 4 δ (∂B 13 ) a
Set a
13 (x 0 ). All these numbers are > 0. Then we have for x ∈ U δ (∂B 13 ), y ∈ B 13 \ U 3 4 δ (∂B 13 ) and 0 = ξ ∈ R n+1
as follows:
The existence of such a ϕ in the case of bounded geometry is standard (cf. [1] ).
Lemma 4.27. a)g 13 = ϕ · g 13 is a metric of bounded geometry. b) (B 12 ,g 13 ) is a bordism between (M 1 , g 1 ) and (M 3 , g 3 ) in the bounded geometry nonexpanding sense.
Proof. a) Inside the Let (M n , g) be as above, i.e. oriented, with (I), (B ∞ ), finitely many ends ε 1 , . . . , ε s , each of them nonexpanding. Let ε be one of them, C ⊂ M compact and so large that ε is defined by one of the components of M \ C, U ε ⊂ M \ C a neighborhood, γ a ray in U (ε). γ admits a tubular neighborhood of radius δ 3 > 0. Consider (B, g B ) = (M × I, g M + dr
2 ). Then ε × I = {U j (ε) × I} j∈J is an end of M × I, U (ε × I) = U (ε) × I a neighborhood disjoint from C M ×I = C × I, and for 0 < δ 1 < 1, the curve γ δ 1 = γ × {δ 1 } = (γ, δ 1 ) is a ray in U (ε × I). ε × I is nonexpanding. γ δ 1 admits a tubular neighborhood with a radius δ 2 > 0, T δ 2 (γ δ 1 ).
Theorem 4.28. ∂T δ 2 (γ δ 1 ) has bounded geometry, one nonexpanding end and ∂T δ 2 (γ δ 1 ) ∼ ne chc n (δ 2 ), δ 2 > 0.
Proof. First we show that ∂T = ∂T δ 2 (γ δ 1 ) has bounded geometry. Consider the point x = exp γ δ 1 (t) (δ 1 · u), δ 1 u ⊥γ δ 1 (t), x ∈ ∂T , and the equation B satisfies (B ∞ ). According to [24] , p. 57, the second fundamental form S γ δ 1 (x) at x = exp γ δ 1 (t) (δ 1 u) is given by
U )(δ 1 ). Hence S δ 1 satisfies (B ∞ ) since B does. According to Gauss' equations, g ∂T = g M ×I | ∂T satisfies (B ∞ ). Similarly it follows that ∂T satisfies (I) since γ, γ δ 1 and the fibres have bounded from below diameter. We omit the trivial considerations at the bottom. (∂T, g ∂T ) has one end and this end is nonexpanding: ∂T = t Σ t , where Σ t is the geodesic δ 2 -sphere in M × I about γ δ 1 (t). Each such sphere intersects γ δ 1 +δ 2 = (γ, δ 1 + δ 2 ) once and there is a common constant K Σ which uniformly bounds the circumference of all such geodesic spheres. The latter comes from Rauch's comparison theorem. Hence ∂T ⊆ U K Σ 2 (|γ δ 1 +δ 2 |). Next we construct a bibounded diffeomorphism from chc n (δ 2 ) onto ∂T .
Consider in R n+1 the standard basis e 1 , . . . , e n+1 , the geodesic t · e n+1 , the parallel translation of e 1 , . . . , e n along t · e n+1 , and the map (x 1 , . . . , x n ), x 2 1 + · · · + x 2 n = δ 2 → x = exp te n+1 (x 1 e 1 + · · · + x n e n ). Do the same in M × I: Let E 1 , . . . , E n+1 be orthonormal at the beginning of γ δ 1 , E n+1 =γ δ 1 , E 1 = ∂ t = ∂ ∂t , translate this parallel along γ δ 1 , and consider the map (y 1 , . . . , y n ), y 2 1 + · · · + y 2 n = δ 2 → y = exp γ δ 1 (t) (y 1 E 1 + · · · + y n E n ). Then we get a diffeomorphism Φ = exp γ δ 1 (t) •Ψ • exp −1 te n+1 from chc n (δ 2 ) onto ∂T , where Ψ(x 1 e 1 + · · · + x n e n ) = x 1 E 1 + · · · + x n E n . We omit the very simple considerations at the bottoms, respectively. According to [7] , the exponential maps are C ∞ -bibounded, Ψ too, hence Φ, and Φ * g ∂T is a second metric of bounded geometry on chc n (δ 2 ). (∂T, g ∂T ) and (chc n (δ 2 ), Φ * g ∂T ) are isometric hence ne-(and bg-) bordant. Finally we want to show that (chc n (δ 2 ), Φ * g ∂T ) and (chc n (δ 2 ), g standard ) are ne-bordant. We perform this in two steps.
First we show that they are bg-bordant and thereafter we verify after conformal change the conditions (GH 1 
